Recent research on stepping motors concerns intelligent motion control algorithms such as sensorless vector control. Sensorless control is commonly based on a motor model. For stepping motors, this model is highly non-linear, resulting in high computational cost. In this paper it is shown that the motor model can be transformed into a linear model, if the stepping motor is controlled by a vector-control algorithm. The linear model is validated by simulations and sensitivity analysis proves the robustness of the model.
Introduction
Stepping motors are commonly driven in open loop. The fact that an expensive sensor is not needed makes them very interesting for industrial and domestic applications. However, open loop control results in torque and speed ripples, noisy operation, resonance frequencies and positioning errors. Closed-loop control methods, such as vector control, can handle these problems and drive the stepping motor in a more efficient and dynamic way [1] . To apply these methods, rotor position information is needed. Thanks to recent research on permanent magnet synchronous machines and switched reluctance motors, position information can be gained without using a sensor. In this way, it is possible to have both advantages of open-loop sensorless control and closed-loop vector control principles.
Sensorless control is commonly based on a model of the machine. In [2] , the sensorless control algorithm for stepping motors is based on a state space model in the stator reference frame, which is highly nonlinear. Such a model results in a complex sensorless algorithm and a high computational cost.
In this paper, a linear model for a vector-controlled two-phase hybrid stepping motor is proposed. Based on the vectorcontrol principles, the position dependence of certain model parameters can be eliminated, which results in a linear model, as shown in [3] for a PMSM. In this way, simpler observers can be applied, which strongly reduce the computational cost [4] .
Simulations on a two-phase hybrid stepping motor are conducted to validate the model. The simulation set-up is also used to perform a sensitivity analysis which proves the robustness of the linear model.
Stepping motor torque generation
The principle of a two-phase hybrid stepper motor is illustrated in Fig. 1 [5] . The stator is equipped with windings while the multi-toothed rotor is magnetized by means of permanent magnets.
The rotor tooth is attracted by the excited stator phase. Fig. 2 shows the static torque-rotor position curves. The solid curve illustrates the torque-position relation for an excited phase A. For a given load torque T load , a stable operating point p is reached. The dotted line illustrates the torque when phase B is excited and the excitation of phase A is removed. For the same load torque T load , the rotor rotates until a new equilibrium point q is reached. This is an uncontrolled movement resulting in possible oscillations and noisy operation.
As shown in Fig. 2 , for an excited phase A, the maximum torque, generated by the dc current in phase A, is available at θ electrical =-90°. For the load torque in Fig. 2 , the motor is used in position p. In this case, the maximum torque, related to the applied current is not required to hold the load. The torque/current ratio is not optimal resulting in a low efficiency. A vector control algorithm will optimize the current/torque ratio. This advanced control algorithm will result in a more controlled movement, reducing the oscillations. 
Stepping motor model
The model of a two phase stepping motor is based on the electrical equations of the phases:
The voltages u a and u b are used to control the current while the back emfs per phase depend on the position and speed:
The torque produced per phase also depends on the current and rotor position.
In this way, the torque delivered by the motor is obtained as a function of the rotor position. Finally, the equation of motion is given by:
This model is higly nonlinear due to the position dependence of the torque -and back-emf constants as illustrated in Fig. 3 . Fig. 2 . When neglecting reluctance effects the generated torque can then be noted as:
According to equation (5), the torque generation is optimal when δ equals 90°, and the generated torque is proportional with the stator current amplitude. For this transformation, the rotor position θ has to be known. Sensorless algorithms are able to provide this position information. [4] If L a =L b =Cte and R a =R b =Cte then L s =L a =L b and R s =R a =R b . During vector control operation the load angle δ is controlled to be constant. Assuming a constant angle δ, the modelgained in figure 6 -is linear as well as time-invariant. Simulations on a two phase hybrid stepping motor are conducted to validate the model as shown in Fig. 7 . Both a detailed nonlinear and the linear model are used to represent a stepping motor. A hysteresis algorithm is used to control the currents.
Model validation
The parameters used for the simulation are summarized in table 1, and are based on a real existing hybrid stepping motor. The simulation models are both controlled by a vectorcontrol algorithm in order to maintain constant speed. At the end of the simulation, the relative position deviation Δθ between the rotor position is computed, where:
To simulate dynamical behavior, the speed set point is reversed at half the simulation time. Figure 8 illustrates that the rotor position deviation is always very small and is not correlated to speed or load torque. The maximum deviation between linear -and nonlinear model is only 0,025%. 
Sensitivity analysis
To linearize the model it is assumed that L a =L b =Cte. However, the inductivity can be influenced by the rotor position and saturation effects. Therefore the simulation setup is also used to execute a sensitivity analysis. Figure 9 shows the relative position deviation (RPD) when there is a difference in inductivity for the linear -and nonlinear model. As shown in figure 10 the deviation is still tolerable when a wrong inductivity is proposed for the linearized model. When the estimated inductivity, used in the linear model is 150% of the real inductivity used in the nonlinear model, according to Fig. 9 the relative position deviation will only be 0,0025%
In the same way a sensitivity analysis for the value of the resistance R is performed, resulting in Fig. 10 .
Finally the non-linear model is adapted so that the inductivity L varies with the rotor position as illustrated in Fig. 12 . As shown in Fig. 11 the maximum relative position deviation is 0,0006%.
All these consecutive sensitivity analysis proves the robustness of the linear model. 
Conclusions
Based on the knowledge of vector control principles a linear model for a hybrid stepping motor is proposed. This model is validated by numerous simulations. Together with a sensitivity analysis these results show that the linear model is a very good approach when the stepping motor is controlled by a vector control algorithm. The model can be used for numerous applications such as linear observer algorithms for sensorless control. In many cases a linear model will be able to reduce the computational cost.
